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Least Squares Adjustment with Rank-Deficient Weight Matrix 

1. Model 

Ԧݕ ൌ Ԧݔߜܣ ൅ Ԧ݀ ൅ Ԧ݁						 Ԧ݁~൫0, ൯`ߑ ݁ݎ݄݁ݓ `ߑ ൌ ௢ଶܲ`ାߪ ܽ݊݀ ܲ` Ԧ݀ ൌ 0 A.1 

2. LSA Target Function ߶ሺδݔԦ, Ԧ݀ሻ 

߶ሺݔߜԦ, Ԧ݀ሻ ൌ Ԧ்݁ܲ` Ԧ݁ ൌ ൫ݕԦ െ ܣ Ԧݔߜ െ Ԧ݀൯
்
ܲ`൫ݕԦ െ ܣ Ԧݔߜ െ Ԧ݀൯ ൌ ݉݅݊|ఋ௫Ԧ,ௗԦ  A.2 

Since	ܲ` Ԧ݀ ൌ 0: 

߶ሺݔߜԦ, Ԧ݀ሻ ൌ ߶ሺݔߜԦሻ ൌ Ԧ்݁ܲ` Ԧ݁ ൌ ሺݕԦ െ ԦݕԦሻ்ܲ`ሺݔߜܣ െ Ԧሻݔߜܣ ൌ ݉݅݊|ఋ௫Ԧ A.3 

Expanding Equation A.3 we get: 

߶ሺݔߜԦሻ ൌ ሺݕԦ െ ԦݕԦሻ்ܲ`ሺݔߜ	ܣ െ ܣ Ԧሻݔߜ

ൌ Ԧݕ`Ԧ்ܲݕ െ ܣ`Ԧ்ܲݕ Ԧݔߜ െ Ԧݕ`்ܲܣԦ்ݔߜ ൅ ܣ`்ܲܣԦ்ݔߜ Ԧݔߜ ൌ ݉݅݊|ఋ௫Ԧ 
A.4 

Equation A.3 can be simplified to: 

߶ሺݔߜԦሻ ൌ Ԧݕ`Ԧ்ܲݕ ൅ ܣ`்ܲܣԦ்ݔߜ Ԧݔߜ െ Ԧݕ`்ܲܣԦ்ݔߜ2 ൌ ݉݅݊|ఋ௫Ԧ A.5 

3. Solution Vector ሺݔߜԦ෠ሻ 

The solution vector ሺݔߜԦ෠) that minimizes ߶ሺδݔԦሻ can be obtained by differentiating ߶ሺδݔԦሻ 

w.r.t. δݔԦ and equating it to zero: 

߲߶
Ԧݔߜ߲

ൌ Ԧݔߜ	ܣ`்ܲܣ2 െ Ԧݕ`்ܲܣ2 ൌ 0  A.6 

Ԧ෠ݔߜ ൌ ൫ܣ`்ܲܣ൯
ିଵ
Ԧݕ`்ܲܣ ൌ ܰିଵݕ`்ܲܣԦ   where ܰ ൌ ܣ`்ܲܣ A.7 

4. Variance-covariance matrix of the solution vector	ሺΣ൛ݔߜԦ෠ൟሻ 

Using the law of error propagation, the variance-covariance matrix of the solution 

vector	ሺΣ൛ݔߜԦ෠ൟሻ can be obtained as follows: 

 ଵ A.8ିܰܣ`ାܲ`ܲ`்ܲܣ௢ଶܰିଵߪ=Ԧ෠ሽݔߜሼߑ

Since for a Moore-Penrose pseudo-inverse,	ܲ`ܲ`ାܲ` ൌ ܲ`	(Koch, 1988): 
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Ԧ෠ൟݔߜ൛ߑ ൌ ௢ଶܰିଵܰܰିଵߪ ൌ  ௢ଶܰିଵ  A.9ߪ

5. A-posteriori variance factor	ሺߪො௢ଶሻ 

The a-posteriori variance factor (ߪො௢ଶ) is obtained by deriving the expected value of the sum 

of squares of the weighted predicted residuals: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ Ԧݕሼሺܧ െ Ԧ෢ݔߜܣ െ Ԧ݀ሻ்ܲ`൫ݕԦ െ Ԧ෢ݔߜܣ െ Ԧ݀൯ሽ A.10 

Since ܲ` Ԧ݀ ൌ 0, Equation A.10 gets the form: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ ܧ ቄ൫ݕԦ െ Ԧ෢൯ݔߜܣ
்
ܲ`൫ݕԦ െ  Ԧ෢൯ቅ A.11ݔߜܣ

Expanding Equation A.11 while using the derived solution for ݔߜԦ෢  in Equation A.7 we get 

(while considering that ൫ܫ௡ െ   :(൯ is an idempotent matrix`்ܲܣଵିܰܣ

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ Ԧݕ`Ԧ்ܲݕ൛ܧ െ  Ԧൟ A.12ݕ`்ܲܣଵିܰܣ`Ԧ்ܲݕ

Given that the trace of a scalar equals to the scalar, i.e., tr(S) = S and that the trace operation 

is commutative, i.e., tr(AB) = tr(BA) (Koch, 1988), Equation A.12 can be manipulated as 

follows: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ Ԧ்൯ݕԦݕ`൫ܲݎݐ൛ܧ െ  Ԧ்ሻൟ A.13ݕԦݕ`்ܲܣଵିܰܣ`ሺܲݎݐ

Based on the properties that tr(A) + tr(B) = tr(A+B) and that ܧሼݎݐሺܣሻሽ ൌ  ,ሻ (Kochܣሺܧݎݐ

1988), Equation A.13 can be rewritten as follows: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ Ԧ்ሻݕԦݕሺܧൣ`ܲݎݐ െ Ԧ்ሻ൧ݕԦݕሺܧ`்ܲܣଵିܰܣ

ൌ ௡ܫ൫`ܲݎݐ െ  Ԧ்ሻݕԦݕሺܧ൯`்ܲܣଵିܰܣ
A.14 

where: 

 .identity matrix ݊ݔ݊ ௡ is anܫ

The term ܧሺݕԦݕԦ்ሻ can be derived from the variance-covariance matrix of the observations 

vector (ߑሼݕԦሽ) as follows: 

Ԧሽݕሼߑ ൌ ௢ଶܲ`ାߪ ൌ ܧ ቄ൫ݕԦ െ ܣ Ԧݔߜ െ Ԧ݀൯൫ݕԦ െ ܣ Ԧݔߜ െ Ԧ݀൯
்
ቅ A.15 
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Expanding Equation A.15, we get: 

Ԧ்ሻݕԦݕሺܧ ൌ ௢ଶܲ`ାߪ ൅ ൫ܣ	ݔߜԦ ൅ Ԧ݀൯൫ܣ Ԧݔߜ ൅ Ԧ݀൯
்

ൌ ௢ଶܲ`ାߪ ൅ ்ܣԦ்ݔߜԦݔߜܣ ൅ Ԧݔߜܣ Ԧ்݀ ൅ Ԧ݀ݔߜԦ்்ܣ ൅ Ԧ݀ Ԧ்݀ 
A.16 

Substituting Equation A.16 in Equation A.14 yields: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ ܫ൫`ܲݎݐ െ ௢ଶܲ`ାߪ൯ൣ`்ܲܣଵିܰܣ ൅ ்ܣԦ்ݔߜԦݔߜܣ ൅ Ԧݔߜܣ Ԧ்݀ ൅ Ԧ݀ݔߜԦ்்ܣ

൅ Ԧ݀ Ԧ்݀൧ 
A.17 

Given that	P` Ԧ݀ ൌ 0 and ൫ܫ െ ܣ൯`்ܲܣଵିܰܣ ൌ 0, Equation A.17 can be simplified to: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ ܫ൫`ܲݎݐ௢ଶߪ െ ା`ܲ`ܲݎݐ௢ଶߪ=൯ܲ`ା`்ܲܣଵିܰܣ െ  A.18 ܣ`ାܲ`ܲ`்ܲܣଵିܰݎݐ௢ଶߪ

Based on the property that ݎݐሺܤܣሻ ൌ  and (is idempotent ܤܣ given that) ሻܤܣሺ݇݊ܽݎ

ሻܤܣሺ݇݊ܽݎ ൑ min	ሺܣ݇݊ܽݎ,  :ሻ (Koch, 1988), the following can be statedܤ݇݊ܽݎ

ሺܲ`ܲ`ାሻݎݐ ൌ ሺܲ`ܲ`ାሻ݇݊ܽݎ ൌ ݉݅݊൫ܲ݇݊ܽݎ`, ା൯`ܲ݇݊ܽݎ ൌ `ܲ݇݊ܽݎ ൌ  A.19 ݍ

Given that ݎݐሺܲ`ܲ`ାሻ ൌ `ܲ`ܲ`ାܲ	and that (as shown in Equation A.19) ݍ ൌ ܲ`, Equation 

A.18 can be simplified to: 

൫ܧ Ԧ݁ሚ்ܲ` Ԧ݁ሚ൯ ൌ ݍ௢ଶߪ െ ݍ௢ଶߪ=ଵܰିܰݎݐ௢ଶߪ െ ௠ܫݎݐ௢ଶߪ ൌ ݍ௢ଶߪ െ  ௢ଶ݉ A.20ߪ

where, 

m	݅ݏ	݄݁ݐ	ݎܾ݁݉ݑ݊	݂݋	݊݋ݓ݊݇݊ݑ	ݏݎ݁ݐ݁݉ܽݎܽ݌. 

Finally, we can get the expression for the estimated a-posteriori variance factor ሺߪො௢ଶሻ 

from Equation A.20 as follows: 

σෝ୭ଶ ൌ
ሬୣԦ෨౐୔`ሬୣԦ෨

൫௥௔௡௞௉`ି୫൯
                                                                                                           A.21 

 


